


Recall: Lovasz Local Lemma

@ We design an experiment with independent random variables

Xy,..., X,
@ We define bad events By, ...,B,, where the bad event B;
depends on the variables Xy, , ..., Xy

e We defien Vbl; := {ki,..., ks }, the slet of all variables that
the bad event B; depends on

@ The bad event B; can depend on the bad event B; if
Vbl; N Vbl; # 0

@ Suppose each bad event B; depends on at most d other bad
events

@ Suppose we show that, for each bad event B;, the probability
of its occurrence P[B;] < p

o Ifep(d +1) <1, then

__ _ 1 n
P[Bl,...,Bn] > <1—d+1> >0
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Generalized Lovasz Local Lemma

@ We design an experiment with independent random variables
X1, Xy

@ We define bad events By,...,B,

@ Let D; be the set of indices of other bad events that B;
depends on

@ Suppose we exhibit the existence of numbers (xi,. .., x,) such
that the following holds. For each i € {1,..., n}, we have

PB]<x [](1-x)
JeD;
@ Then, the following holds

n

P[BTL...,BT”} > Tt -x) >0
i=1
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Notes

@ Prove Lovasz Local Lemma using the Generalized Lovasz Local
Lemma

@ The numbers (xi,...,x,) are not probabilities that add up to
1. This intuition is incorrect

@ Prove the following corollary of the generalized Lovasz Local
Lemma

Ifforall i € {1,...,n}, we have } ; p P [B;] < 1/4, then

n

P[B.... B > [ (1-2P[B)]) >0

i=1

@ Prove the results in the previous lecture using this corollary
albeit with a slight worse parameter choices
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Frugal Coloring of a Graph

Definition
A [B-frugal coloring of a graph G satisfies the following two
conditions.

@ It is a valid coloring, and

@ In the neighborhood Ng(v) of any vertex v € V/(G), there are
at most (3 vertices with the same color

For example, a 1-frugal coloring of a graph is a coloring of the
graph G2
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Example: Frugal Coloring

We shall show the following result

For 8 € N and a graph G with maximum degree A > (° there
exists a (3-frugal coloring using 16AT1/8 colors.

Note that a graph with maximum degree A can be 1-frugally
colored using A% + 1 colors. The theorem mentioned above uses
asymptotically the same number of colors. We shall prove the
general result using the corollary of the generalized Lovasz Local
Lemma
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Example: Frugal Coloring I

Randomly color the vertices of the graph with C colors. We shall
consider two types of bad events.

e B, where e € E(G). If the two vertices at the endpoints of
the edge e receive the same color then this bad event occurs.
There will be type-1 bad events.

© By, . us. Where ur, ... upy1 € V(G). Suppose there exists
a vertex v such that vy, ..., ugy; are distinct vertices in Ng(v)
with identical colors. These will be called type-2 bad events.
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Example: Frugal Coloring 11

@ Note that one type-1 bad event B, can depend on at most 2A
other type-1 bad events B,

@ We are now interested in computing the number of type-2 bad
events that B, can depend on. Consider a type-2 bad event
Buy,....us,, Such that there exists v € V(G) such that
ui,...,ugq1 € Ng(v). Suppose that the edge e = (a, b).
Note that a has at most A neighbors. So, there are at most A

possible ways of choosing v. Note that we have ways of

A
s
choosing the remaining vertices {u1,...,us+1} \ {a}.
Similarly, the case of the vertex b as well. So, there are at

most 2A <§> type-2 events that B, can depend on
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Example: Frugal Coloring

o Similarly, a type-2 event B, ug.y CAN depend on at most

(8 + 1)A other type-1 bad events and (5 + 1)A (g) other

type-2 bad events
e Note that

C
1
P [BULMUBH} < ﬁ

@ So, to prove that a S-frugal coloring exists using the corollary

of the generalized Lovasz Local Lemma, it suffices to prove
that

1 11
(6+1)A-C+(6+1)A<§> "7 <12
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Example: Frugal Coloring

@ We can use the upper-bound (Z) < (%)k to upper-bound

the expression

1 A 1
(6+1)A-C+(ﬁ+1)A<B>-

@ This is left as an exercise
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